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We determine the number of projectively inequivalent nonsingular plane cubic 
curves over a finite field 5, with a fixed number of points defined over 13,. We count 
these curves by counting elliptic curves over iF, together with a rational point which 
is annihilated by 3, up to a certain equivalence relation. 0 1987 Academic Press. Inc. 
1. IN~~DuCTI~N 
We give a complete answer to the following question: 
(1.1) QUESTION. Given a finite field [F, and an integer N 3 0; how many 
projectively inequivalent nonsingular plane projective cubic curves are 
there over 5, that have exactly N points defined over IF,? 
Here [F, denotes a finite field with q elements. Two plane curves are said 
to be projectively equivalent if there is a projective transformation of the 
projective IF,-plane mapping the equation of one curve to the equation of 
the other; see Hirschfeld [12]. 
This question has been studied from the point of view of combinatorics. 
Partial answers have been obtained [ 1,461. Oddly enough, the matter 
had essentially been settled by Max Deuring in 1941. In his paper [S] he 
determined which rings occur as rings of endomorphisms of elliptic curves 
defined over a finite field. From this he deduced how many isomorphism 
classes of elliptic curves over a finite field there are in a fixed isogeriy class, 
which implies a good deal of the answer to Question (1.1). 
In this paper we explain how to obtain an answer to Question ( 1.1) from 
Deuring’s results. There are two complications: there is a difference 
between the notions of projective equivalence of curves in the sense of 
Hirschfeld and isomorphism of abelian varieties in the sense of algebraic 
geometry; we overcome this difficulty by studying the 3-torsion points on 
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elliptic curves over finite fields. The second complication is the fact that 
Deuring considers two elliptic curves to be isomorphic over IF, if they are, 
in our sense, only isomorphic over F4, the algebraic closure of IF,. For this 
reason we will consult Waterhouse’s 1969 thesis [19] rather than Deuring’s 
paper. 
Before we state the main result we introduce some notation: for every 
A~&, with A z 0 or 1 (mod 4) we denote by H(A) the Kronecker class 
number of A; the definition of the Kronecker class number is given in Sec- 
tion 2 and a small table of these numbers is given in Section 6. The Jacobi 
symbol is denoted by (f) or (x/p) and is defined as follows: for x E Z and p 
and odd prime 
if x z 0 (mod p); 
if x is a nonzero square (mod p); 
if x is not a square (mod p). 
For every x E Z we define 
X 
0 1 
1 if x= +1 (mod 8); 
2= 
0 if xr0 (mod 2); 
-1 if x- +_3 (mod 8). 
The main result is the following: 
Let iF, be a finite field of characteristic p. Let M(t) denote the number of 
projectively inequivalent plane cubic curves over IF, with exactly q + 1 - t 
points defined over [F,. We have that 
M(t) = N(t) -I- Ndt) + 3N, x At) - 4th 
where 
Iv(t)=H(t2-4q) if t*<4qandpjt; 
=H( -4p) 
=1 
=l 
if t = 0, 
if p=2and t’=2q, 
if p=3andt2=3q i 
and if q is 
not a square; 
if t2 = q and if q is a square; 
if t=O 
=o otherwise; 
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= N(t) 
=o 
c(t)=2 
=3 
=4 
=o 
if t=q+l (mod3); 
otherwise; 
if q=l (mod3),p[t 
and t-q+ 1 (mod9); 
if q is a square, p # 3 
otherwise; 
if (t = t, or t = tl) and t, # t, ; 
if t = t, = t, and p = 2; 
if t = t, = t, and p # 2; 
otherwise. 
The numbers t, and t, are defined as follows: 
t, is only defined if q 3 1 (mod 3): 
t, = the unique solution t E Z to 
! 
trq+l (mod9) 
Pit 
t2+3x2=4q forsome XEZ if p E 1 (mod 3); 
if p f 1 (mod 3). 
t, is only defined if q = 1 or 4 (mod 12):. 
t, = the unique solution t E Z to 
t2+4x2=4q forsome xEZ if p = 1 (mod 4); 
if p f 1 (mod 4). 
The paper is organized as follows: In Section 2 we give the definitions of 
class numbers of complex quadratic orders, in terms of which the main 
result is formulated. In Section 3 we give some definitions and facts concer- 
ning elliptic curves over finite fields; for the proofs we usually refer to the 
literature. In Section 4 we compute the number of isomorphism classes of 
elliptic curves over a finite fields in a fixed isogeny class. For most of the 
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proofs we refer to the thesis of Waterhouse [19]. In this section we also 
compute the number of elliptic curves in a fixed isogeny class that have 
their n-torsion points rational over the field of definition. For the 
definitions of all this see Section 3. 
In Section 5 we obtain a one-to-one correspondence between equivalence 
classes of nonsingular plane cubic curves in the sense of Hirschfeld and 
elliptic curves furnished with an embedding in the projective plane modulo 
a certain equivalence relation. In this section we deduce the main result: a 
formula for the number of projectively inequivalent nonsingular plane 
cubits over [F, with a fixed number of F,-rational points. 
By counting E,-rational points on the modular curves X(1) and X,(3) we 
obtain a formula for the total number of projectively inequivalent non- 
singular cubic curves over IF,, . our formula for the total number of curves 
agrees with the one given by Hirschfeld [lZ, p. 3151 column iV. 
Finally, in Section 6, we give a table of Kronecker class numbers and as 
an illustration we count how many projectively inequivalent plane cubic 
curves there are over IF, with a given number of points over ff, for some 
small values of q. 
We will use the following notations: for every n E Z and for every abelian 
group A we denote by A[n] its n-torsion subgroup: A[n] = 
{a E A: ylu = O}. By p, we denote the group of nth roots of unity in C. By [ 
we denote a primitive 3rd root of unity and by i a primitive 4th root of 
unity. 
2. CLASS NUMBERS 
In this section we give the definitions of class numbers of complex 
quadratic orders and of class numbers of the sets of binary quadratic forms 
with discriminant A E Z <o. Complex quadratic orders occur as rings of 
endomorphisms of elliptic curves over finite fields. The set of isomorphism 
classes of elliptic curves over [F, which have a fixed complex quadratic 
order 0 as their ring of endomorphisms is a (usually principal) 
homogeneous space over the class group of 0. The study of binary 
quadratic forms is very old; it was initiated by Gauss [lo]. 
Let AEZ,, with A E 0 or 1 (mod 4); by 
B(A)= (aX2+bXY+cY2~Z[CX, Y]:a>O and b2-44ac=A} 
we denote the set of positive definite binary quadratic forms of discriminant 
A and by 
b(A) = {aX2 + MY+ cY2 E B(A): gcd(u, b, c) = 1 j 
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we denote the primitive forms of discriminant d. The group Z,(Z) acts on 
B(d) as follows: let f= aX2 + bXY+ cY2 E B(d) and let cr = (E) E SL,(L); 
we let 
one checks easily that foo~B(d) and that Z,(Z) respects the subset of 
primitive forms b(d). 
It can be shown that there are only finitely many S&(Z)-orbits in B(d). 
(2.1) DEFINITION. We let CL(B) =B(d)/SL,(Z), the set of S&(Z)- 
orbits in B(d); similarly we let Cl(d) =b(d)/SL,(Z). By H(d), the 
Kronecker class number, we denote the cardinality of CL(d) and by h(d), 
the (ordinary) class number we denote the cardinality of Cl(d). 
(2.2) PROPOSITION. Let A E Z <0 congruent to 0 or 1 (mod 4). We have 
=H(A), 
where d runs over d E Z ,,, for which d2 1 A and A/d2 z 0 or 1 (mod 4). 
Proof. Sort the quadratic forms aX2 + 6XY + cY2 in B(A) according to 
gcd(a, b, c). We have a one-to-one correspondence between the sets 
{fe B(A): gcd(a, b, c) = d}/SL,(Z) and {f~ B(A/d2): gcd(a, b, c) = 1 >/ 
X,,(Z). This proves the proposition. 
A complex quadratic order 0 is a subring of finite index in the ring of 
integers in a complex quadratic number field. There is upto conjugation a 
unique embedding 0 4 C. For c1 E B we let T(E) = CI + cl and N(a) = ol&; here 
E denotes the complex conjugate of CI. Both T(a) and N(a) are elements in 
Z. By A(0) we denote the discriminant of 0; see [2]. 
Let K be a complex quadratic number field. By 6&,x we denote the ring 
of integers in K. For every k E Z ,a, the ring Omax has precisely one subring 
8 of index k. The discriminant of this order equals A((!&,,) k2. This implies 
that complex quadratic orders are characterized by their discriminants: by 
Lo(A) we shall denote the complex quadratic order of discriminant A. If a is 
an algebraic number for which 0 = Z[a] is a complex quadratic order then 
d(O) equals the discriminant of the minimum polynomial of CI. For more 
facts concerning complex quadratic orders see [Z]. 
(2.3) DEETNITION. Let 0 be a complex quadratic order; by Cl(O) we 
denote the class group of 0: it is the group of invertible O-ideals modulo 
invertible principal O-ideals. The class group is a finite group and its order, 
the class number of 0, will be denoted by h(O). 
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We have in fact that h(O) =h(d(O)) in the sense of Definition (2.1). 
(2.4) PROPOSITION. Let 0 be a complex quadratic order. We have that 
1 h(O’) =H(d(O)). 
oc@Ycom,x 
ProofI For every order 0’ with 0 c 0’ c c!&,, we have that d(0’) = 
d(0)/[0’:0]‘. Since h(0’) = h(d(0’)) the result follows immediately from 
Proposition (2.2). 
The definitions of H(d) and h(d) given above are not very suitable for 
computation; below we give another, less natural, definition, which is 
suitable for actual computation. 
(2.5) PROPOSITION. Let A E Z C0 congruent to 0 or 1 (mod 4). Put 
B(d) = ((a, b, c) E .Z3: a>O, b2-4ac=d, lb1 <a<c, 
andb30 whenevera= lb1 ora=c}; 
b”(d) = {(a, b, c) E B(d): gcd(a, b, c) = 1 }. 
We have that 
H(d) = #B(d) and h(d) = #&I). 
Proof: In every SL,(Z)-orbit of B(d) or b(d) there exists one and only 
one quadratic form aX2 + bXY + cY2 for which 1 bl< a < c, and b > 0 
whenever a = I bj or a = c. Such a form is called reduced. Identifying aX* + 
bXY + cY2 with (a, b, c) E Z3 gives the required result. 
We see that (a, b, c)E&~) implies that 4a2<4ac= ldl + b2< IAl +a2 
and hence a < m. From this we get at once that B(d) is a finite set. 
Our answer to Question (1.1) involves the numbers H(d). It should be 
stressed that H(d) and h(d) should be considered to be easily computable 
numbers. For a given field 5, it is much quicker to compute the class num- 
bers H( t2 - 4q) for t E Z, t2 < 4q and apply Theorem (2.5) than to compute 
all inequivalent cubic curves and count their E,-rational points like 
De Groote and Hirschfeld did for q < 13 in [6]. 
At the end of this paper we give a small table of the numbers H((d) for 
Id ( < 200. This table can be computed by hand in a few minutes and suf- 
fices to give an answer to Question (1.1) for all fields [F, with q < 49. Larger 
tables of h(d) and H(d) have been computed; for instance Buell computed 
h(d) for all d with IdI -C 25 x 106, see [3]. Using Proposition (2.2) one 
obtains easily the numbers H(d) from this table. 
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3. ELLIPTIC CURVES OVER FINITE FIELDS 
In this section we state some basic properties of elliptic curves over finite 
fields. For proofs, more properties and references to the literature see [17]. 
(3.1) DEFINITION. Let K be a field; an elliptic curve E over K is a projec- 
tive nonsingular algebraic curve of genus one defined over K furnished with 
a point 0 on E which is defined over K. 
Let ff denote an algebraic closure of K, by E(K) we denote the set of 
points on E defined over 1% This set is in a natural geometric way an 
abelian group with 0 as the zero-element. The set E(K) of points on E that 
are defined over K is a subgroup of E(K); see [17]. 
(3.2) DEFINITION. A morphism of elliptic curves over K: E, -+f E, is an 
algebraic map defined over K that respects the group law; in particular 
f(0,) = 0,. An isomorphism is a morphism that has a two-sided inverse. 
For any elliptic curve E over K the morphisms E -+I E form a ring, the 
ring of K-endomorphisms of E; this ring will be denoted by End,(E). The 
units of this ring are called the K-automorphisms of E. We will denote the 
group of K-automorphisms by Aut,(E). 
Every elliptic curve E over K is isomorphic to a curve given by an 
equation 
Y2Z+a,XYZ+a3YZ2=X3+u2X2Z+a4XZ2+a,Z3 (~EK) (1) 
in Pi; the point 0 is the point at infinity (0:l:O). This follows from the 
Riemann-Roth theorem. 
We have the usual formulaire 
b2 = a: + 4a,, 
b,=a,a?+2a,, 
b, = a: + 4a,, 
b, = afah - a,a,a, + 4a,a, -I- a2a: - ai, 
c4 = b; - 24b,, 
c6 = -b: + 36b,b, - 216b,, 
A = -b;b, - 8b: - 2lb; + 9b,b,b6, 
j = ci/A. 
A curve given by Eq. (1) is an elliptic curve if and only if the 
discriminant A is not zero. The j-invariant of an elliptic curve E depends 
only on its &morphism class: two elliptic curves over K have the same 
582a146/2-3 
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j-invariant if and only if they are isomorphic over r% This is in general not 
true over K: there may be non-isomorphic curves over K that are 
isomorphic over R 
Two values ofj deserve special attention: they are the values 0 and 1728. 
The elliptic curves whose j-invariants assume these values correspond to 
the harmonic curves ifj = 1728 and to the equianharmonic curves ifj = 0 in 
the sense of Hirschfeld [12]. If the characteristic of Kis 2 or 3 we have that 
0 = 1728 and the elliptic curves over K with j-invariants equal to 0 = 1728 
correspond to the superharmonic curves in Hirschfeld’s book. It is easy to 
write down an equation of a curve with j-invariant equal to 0 or 1728. If 
char(K) # 3 the curve given by Y2 - Y = X3 has j-invariant equal to 0 and if 
char(K) # 2 the curve given by the equation Y* = X3 - X has j-invariant 
equal to 1728. 
Next we restrict ourselves to elliptic curves over finite fields. Let [F, be a 
finite field with q elements and let p = char( Fy). By CD,,, we denote the uni- 
que quaternion algebra over Q which is only ramified at p and co. The 
maximal orders in Qm,p are non-commutative rings of rank four over Z; 
see [S, 91. 
Let E be an elliptic curve over 5,. The rings EndFy(E) and EndF4(E) are 
either complex quadratic orders or maximal orders in Q,,,. It may happen 
that EndF4(E) is complex quadratic and EndFy(E) is not. We deline a norm 
and a trace on EndEg(E) as follows: let CI E EndF4(E); either a E Z or Z[CY] is 
a complex quadratic order; we choose an embedding of .Z[a] in @ and we 
let T(a) = c1+ Cc and N(a) = CM; both T(a) and N(a) are in Z. 
The elliptic curves E withj-invariant equal to 0 or 1728 are special: the 
curves E with j = 0 have Z[[] as a subring of Endry and the curves E 
with j= 1728 have Z[i] as a subring of EndF4(E). This can easily be seen 
from the equations given above. In Section 4 we will see that “most” ellip- 
tic curves have an endomorphism ring whose group of units is { + 11. That 
is, usually AutF4(E) = {id, -id}; if Z[c] or Z[i] is a subring of EndFg(E), 
there are more automorphisms and this affects our computations. 
(3.3) DEFINITION. An elliptic curve E over F, is called supersingular if 
EndFy(E) is non-commutative. 
We see that the supersingularity of a curve E depends only on E over Fy, 
that is, on its j-invariant. We will say that j is supersingular if there is a 
supersingular curve E with j-invariant equal to j; in this case every elliptic 
curve with j-invariant equal to j is supersingular. If p = char( F4) equals 2 or 
3 the supersingular curves are precisely the ones with their j-invariants 
equal to 0 = 1728. In general we have that j = 0 is supersingular if and only 
if p f 1 (mod 3) and that j= 1728 is supersingular if and only if p + 1 
(mod 4). If j = 0 is not supersingular the curves with j-invariant equal to 0 
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are precisely the curves with EndFq(E) = Z[{]. If j= 1728 is not super- 
singular the curves with j-invariant equal to 1728 are precisely the curves 
with End,#(E) = Z[i]; see [S, 9, 171. 
Next we describe the structure of E(F,) as an abelian group. 
(3.4) PROPOSITION. Let 5, be a finite field of characteristicp; let E be an 
elliptic curve over 5,. 
(i) The group E(E,) is a torsion group. 
(ii) ifp J n then E@,)[n] z Z/nZ 0 Z/nZ as an abelian group. 
(iii) If n is a power of p we have that 
if E is supersingular; 
otherwise. 
Proof. (i) This is clear since E(E,) = Uk E( ff qk). 
(ii) and (iii) See [17]. 
(3.5) DEFINITION. Let E be an elliptic curve over 5,. The Frobenius 
endomorphism ~+6 E EndEq(E) is the endomorphism of E that acts on E(5,) by 
raising the coordinates of the points to the qth power: in terms of Eq. (1) 
we have that ~(x:v:z) = (x4:yq:z4). 
Note that the kernel of 4 - 1 E EndIFY(E) acting on E(F,) is precisely 
JW,). 
(3.6) PROPOSITION. Let E be an elliptic curve over 5,. Let I$ denote its 
Frobenius endomorphism in EndEO(E). Let p denote the characteristic of [F,. 
(i) The endomorphism 4 satisfies a unique equation 4’ - td + q = 0 in 
End,((E); here t E Z c EndEB( 
(ii) ItI < 2&. 
(iii) #E(lF,)=N($-l)=q+l-t. 
(iv) p 1 t zf and only tf E is supersingular. 
Proof. See [17]. 
The integer t is T(4), the trace of the Frobenius endomorphism. 
(3.7) PROPOSITION. Let E be an elliptic curve over 5,; let p be the 
characteristic of 5,. Let n E Z 3 1 with p J n and let t denote the trace of the 
Frobenius endomorphism 4 of E. The following are equivalent: 
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6) W,)Cnl c W,). 
(ii) n* ) q + 1 - t, n ) q - 1 and either #E Z or 
ProojI The canonical map EndFq(E)/n EndF4(E) 4 End(B(F,)[n]) is 
injective; see [ 161. 
We see that (i) is equivalent to 
d-1 -E EndQZ). 
n 
If 4 E Z this is clearly equivalent to 
T?Iq+l-t and nlq-1 
since q=b2 and q+l-t=(@--1)‘. If b$Z we compute 
t-2 q-l q+l-t =-- 
n n ’ 
and 
so (i) is equivalent to 
q+l-t 
n2 
and q-1 --E and 0 
n 
which is precisely (ii). This proves the proposition. 
4. ISOGENY CLASSES OF ELLIPTIC CURVES 
Let IF, be a finite field of characteristic p. 
(4.1) DEFINITION. Two elliptic curves over [F, are called isogenous over 
F, if they have the same number of points defined over ff,. By 1(t) we 
denote the isogeny class of elliptic curves that have exactly q+ 1 - t points 
defined over F,. By N(t) we denote the number of IF,-isomorphism classes 
in I(t). 
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Our definition agrees with the usual one; see [16]. 
(4.2) THEOREM. For every integer t EZ, the number N(t) is not zero if 
and only if one of the following holds: 
(i) p t t and t2 d 4q; 
(ii) the degree [IF,: [Fp] is odd and one of the following holds 
(1) t=o; 
(2) t= k& andp=2; 
(3) t= $-A andp=3; 
(iii) the degree [iF,: [Fp] is even and one of the following holds 
(1) t= +2&; 
(2) t= +y/;fandp & 1 (mod3); 
(3) t=O andp & 1 (mod4). 
Proof. See Waterhouse’s thesis [ 19, Theorem (4.1)]. 
The following theorem describes which rings occur as rings of 
if,-endomorpisms of elliptic curves defined over 5,. 
(4.3) THEOREM. Let t E Z be one of the numbers listed in Theorem (4.2). 
The set Z(t) is not empty and the following rings are precisely the ones that 
occur as rings of if,-endomorphisms of some elliptic curve in Z(t): 
(i) if p j t: all complex quadratic orders containing o(t2 - 4q); 
(ii) if t = k2&: all maximal orders in Q,,,; 
(iii) tfp 1 t and t # +2&: all complex quadratic orders 0 with 
Lo(t”-4q)cO and P 1 CQna,:~l. 
Proof See Waterhouse’s thesis [19, Theorem (4.2)]. 
The curves E in (i) and (ii) have all their endomorphisms defined over 
IF,, that is EndEq(E) = Endrq(E). 
For future reference we list the unit groups of the maximal orders in 
Q m,p. These groups are the groups of If,-automorphisms of supersingular 
elliptic curves. 
(4.4) PROPOSITION. (i) Up to isomorphism there is exactly one maximal 
order in Q,,,; its group of units is isomorphic to SL,([F,). Zf E is a super- 
singular elliptic curve over F, then the action of Aut-,,(E) on the 3-torsion 
points of E gives the isomorphism with SL,([F,). 
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(ii) Up to isomorphism there is exactly one maximal order in CJ,,~; 
its group of units is isomorhic to a semidirect product of Z/3H by Z/42, the 
action of H/4Z on Z/32 being the non-trivial one. 
(iii) If p # 2, 3 then the group of units of a maximal order in Qa,r is 
either p2, ,uL4 or pe. If E is a supersingular curve over Fp then EndFp(E) is a 
maximal order 0 in Q co,p. If the j-invariant of E equals 0 then Co* = p6 ; tf the 
j-invariant of E equals 1728 then 0* = pd. In all other cases 0* = pcLz. 
Proof See Tate [17, p. 1821 or Deuring [S, Sect. 51. 
Deuring gives in [S] normal forms for elliptic curves and an explicit 
description of the automorphisms. We will use Proposition (4.4) in 
Section 5. 
Next we count the number of IF,-isomorphism classes of elliptic curves 
within a fixed If,-isogeny class with a given endomorphism ring. 
(4.5) THEOREM. (i) Let 8 be a complex quadratic order that occurs as 
the endomorphism ring of an elliptic curve over F, in I(t). Let f denote the 
residue class degree of p in 0; so f = 2 tf (A(@)/p) = -1 and f = 1 otherwise. 
The number of F,-isomorphism classes of curves E in I(t) with EndF4(E) = 8 
equalsfs h(6). 
(ii) Let 0 be a maximal order in Q,,, that occurs as the 
endomorphism ring of an elliptic curve over F, in I(t). The number of curves 
E in I(t) with EndFy(E) = 0 equals 1 or 2. It equals 1 tf the prime over p in 0 
is principal and 2 otherwise. 
Proof This is Theorem (4.5) of Waterhouse [19]. There is a slight 
error in Theorem (4.5) as stated in [19]. The error is in the deduction of 
this theorem from the results of Chap. 5 of [19]. In fact, if 0 is com- 
mutative, the set of isomorphism classes of elliptic curves with 
endomorphism ring equal to 0 need not be a principal homogeneous space 
over the class group of Lo. There may be more orbits and it follows in fact 
from Theorem (5.3) of [19] that there are two orbits exactly when 0 is 
commutative and p is inert in Lo over Z. In all other cases there is one orbit. 
This proves Theorem (4.5). 
(4.6) THEOREM. Let t E 9; the number N(t) assumes the values 
N(t) = H(t* - 4q) if t2<4qandpjt; 
=H(-4p) 
= 1 
= 1 
lj- t=O 
if t2=2qandp=2 
i 
and if q is 
tf t2=3qandp=3 
not a square; 
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=h(p+6-4($)-3(:)) if t2=4q 
if t2=q and if q is a square; 
if t=O 
=o otherwise. 
Proof. In view of Theorem (4.2) we already know the values of t for 
which N(t) = 0. Let therefore E be an elliptic curve over [F, with q -t 1 - t 
points over ff,. We will use Theorem (4.3) to figure out which rings occur 
as rings of endomorphisms of elliptic curves in I(t) and then apply 
Theorem (4.5) to count the curves in I(t) that have a given endomorphism 
ring. 
First we consider the case where p 1 t. According to Theorem (4.3)(i) all 
complex quadratic orders 0 containing l!l(t’ - 4q) occur as the 
endomorphism ring of an elliptic curve in I(t). Since the discriminants of 0 
and O(t” - 4q) differ by a square and since ((t2 - 49)/p) = 1 we conclude 
from Theorem (4.5)(i) that exactly h(O) elliptic curves in I(t) have CO as 
their ring of [F,-endomorphisms. We find that 
N(t)= c h(0)=H(t2-4q) 
o(r~-49)COComar 
by Proposition (2.4). 
Next we consider the cases where the curves in I(t) are supersingular, 
that is, the cases where p 1 t. First we consider the case where EndF4(E) is 
commutative; from Theorem (4.2) and Theorem (4.3)(iii) it follows that 
tZ = 0, q, 2q, or 3q in this case. Since all computations look very much alike 
in these cases, we will do just one as an example: suppose t = &, so 4 is a 
square and according to Theorem (4.2)(iii) we have that N(t) = 0 if and 
only if p z 1 (mod 3). Suppose that p & 1 (mod 3). We have that 
t2 - 4q = -39; the maximal order containing O( - 3q) is O( - 3) and the 
only order 0 with Lo(-3q)cOcO(-3) that hasp! [O(-3):0] is 6(-J) 
itself. By Theorem (4.3)(iii) we must have that the ring of 
IF,-endomorphisms of E equals O(-3) =Z[C]. The class number h(-3) 
equals 1 and in the notation of Theorem (4.5)(i) we have that f= 2 if 
(-3/p)= -1 andf=l if (-3/p)=O. Since I(t)=@ ifprl (mod3) we 
conclude from Theorem (45)(i) that 
iv(t)= #I(t)= 1- : * ( 1 
The other cases where t # ~r_2& can be checked in an analogous way. 
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Finally we consider the cases where t = _f2&. In these cases the curves 
in I(t) have a noncommutative endomorphism ring viz. a maximal order in 
Q ca,P. By Theorem (4S)(ii) the total number of curves in I(t) equals the 
number of maximal orders in CP,,, in which the prime over p is principal 
plus twice the number of the other maximal orders. This is precisely the 
class number of Q,,, ; its value is &(p + 6 -4(-3/p) - 3(-4/p)), see 
[S, pp. 199-2001. This proves Theorem (4.6). 
We have now counted the number of isomorphism classes of elliptic cur- 
ves over [F, with a given number of points defined over IF,. In the rest of 
this section we will count elliptic curves in 1(t) which have some special 
properties. We will need these results in Section 5. 
(4.7) DEFINITION. For every n E Z B 1, let 
NJ t) = # { if,-isomorphism classes of elliptic curves E in 1(t) 
with n I # E( IF,)}, 
N,,*(t) = if {k/- isomorphism classes of elliptic curves E in I(t) 
with E(F,)[n] z ;Z/nZ 0 Z/K?‘}. 
We clearly have that 
N,(t) = N(t) if trq+l (modn), 
=o otherwise; 
because all curves E in I(t) have #E(F,) = q + 1 - 1. 
In the rest of this section we will compute the values of N,,,(t): the 
number of [F,-isomorphism classes of elliptic curves in I(t) which have 
exactly n2 points in E(IF,)[n]. 
(4.8) LEMMA. Let te Z. 
(i) If t2 = q, 2q, or 3q then every curve E in I(t) has E( Fy) cyclic. 
(ii) If t2 = 4q then every curve E in I(t) has E( IF,) g 
L/(&k 1) noEl(&f l)& 
plus signs if t = -2&. 
we have the minus signs if t = 2,/;; and the 
(iii) rf q & - 1 (mod 4) every curve E in I(0) has E([F,) cyclic. If 
q z -1 (mod 4) then exactZy h( -4~) curves in I(0) have E( IF,) cyclic; the 
other h( -p) curves have E(F,) g z/((q + 1)/2) Z 0 Z/22. 
F’rooJ: Suppose t2 = aq with CI = 0, 1, 2, or 3; let E be an elliptic curve 
over IF, in Z(t) which has E( F,)[n] z H/nZ 0 Z/nE; this implies that p 1 n by 
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Proposition (3.4)(iii). From Proposition (3.7) we see that n* 1 q + 1 - t and 
n/q-1;thisimpliesthatn~4-a.Ifa=3thisimpliesthatn=1.Ifa=2we 
must have that p = 2 and the fact that p 1 IZ implies that y1= 1. If a = 1 and 
n = 3 we see that 9 1 q + 1 + & which is impossible; we conclude that n = 1. 
If a = 0 we have that n / 4; if q & - 1 (mod 4) we conclude from 
n21q+l-t that n=l; if qz -1 (mod4) we see from njq-1 that n=l 
or 2. i 
Suppose that q- -1 (mod 4) and let E be an elliptic curve in I(0). 
From the fact that q is not a square and Theorem (4.3) we conclude 
that the possible endomorphism rings for E are O( -4~) and O( -p). 
Since 0( -4) cO( -p) and Lo( -4) & 0( -4~) we conclude from 
Proposition (3.7) that E(r,)[Z] cE(IF,) if and only if EndFy(E)= 0(-p). 
Since p ramifies in both 0(-p) and O( -4p), Theorem (4.5)(i) implies that 
exactly h( -p) curves have 0(-p) as their endomorphism ring; by the 
above discussion these curves E have E( lFy) z Z/( (q f 1)/2) Z @ Zj2Z. The 
other h( -4~) curves in I(0) have E(F,) cyclic. 
Finally suppose that t = 2,,& and that E is an elliptic curve in 
I(t). The Frobenius endomorphism 4 of E equals & E Z. We have 
that #E(ff,) = q+ 1 -t = (&- 1)2. Proposition (3.7) implies that 
@,I C& 11 -W,); since both sets have the same cardinality we have 
that 
E(IF,)=E(~,)IJ;;-17rLI(Jlf---l)noz/(~-1)z. 
The proof for t = -2& is analogous. This proves Lemma (4.8). 
(4.9) THEOREM. Suppose that n E Z,, is odd and that t E Z satisfies 
t2 < 4q. 
(i) Ifp 1 t, q E 1 (mod n) and t E q + 1 (mod n’) then 
N,,Jt)=H y ; ( > 
(ii) g&=1 (modn) then N,,,(2&)=N(2&); 
(iii) g&s -1 (modn) then N,..(--2&)=N(-2&). 
In all other cases N, x J t) = 0. 
ProoJ: Suppose that P 1 t. According to Proposition (3.7) the number 
N,,,(t) equals 0 whenever n2 1 q + 1 - t or n j q - 1. Let us assume that 
n2 1 q f 1 - t and that n 1 q - 1. By Proposition (3.7) a curve E in I(t) has 
E( ff ,)[n] g ZlnZ @ Z/nZ if and only if 
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this implies that 
by Proposition (2.4). This proves (ii). 
Next suppose that p ( t. From Theorem (4.2), Lemma (4.8) and the fact 
that n is odd we see that N n .J t) is not zero except when t = 2& = 2 
(mod n) or t = -2&s -2 (mod n). In these cases all curves in I(t) have 
that E( lF,)[n] z Z/r2 0 Z/&C This proves the theorem. 
5. NONSINGULAR PLANE CUBICS OVER FINITE FIELDS 
In this section we will compute the number of equivalence classes of non- 
singular plane cubic curves over a finite field IF, with a given number of 
points defined over iF,. The main result is given in Theorem (5.2). 
(5.1) LEMMA. Let q be a power of a prime p. 
(i) Ifp s 1 (mod 3) there is exactly one solution 
1 
t=q+l (mod9) 
tEZ to t*+3x2=4q for some x E Z 
Pk t. 
(ii) Ifp E 1 (mod 4) and q E 1 (mod 3) there is exactly one solution 
! 
trq+ 1 (mod9) 
tEi7 to t2+4x2=4q for some x E Z 
P 1 t. 
ProoJ: The proof of this lemma is an exercise in elementary number 
theory and is left to the reader. 
If q F 1 (mod 3) we define t, E Z as follows: 
t, = the unique solution in Lemma (5.1 )(i) if p=l (mod3) 
if p & 1 (mod3). 
If q E 1 or 4 (mod 12) we define t, E Z as follows: 
t, = the unique solution in Lemma (5.l)(ii) if p=l (mod4) 
if p & 1 (mod 4). 
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(5.2) THEOREM. Let IF, be a finite field of characteristic p; let M(t) 
denote the number of projectively inequivalent nonsingular plane cubic curves 
that have exactly q + 1 - t points defined over iF,. We have 
M(t) = N(t) f Ndt) + 3N,, At) - 4th 
where 
E(t) = 2 if (t=t,ort=t,)andt,#t,, 
=3 if t=t,=t,andp=2, 
=4 if t=t,=t,andp#2, 
=o otherwise. 
We will give a proof of Theorem (5.2) after Lemma (5.6). 
Remark. The definitions of t, and t, are given above; the values of N(t), 
N3(t) and N3x3(t) are given in Theorem (4.6), Definition (4.7), and 
Theorem (4.9). These values are easily computable, their computation 
involves the calculation of certain class numbers, a table of which is given 
in Section 6. 
(5.3) EXAMPLE. Nonsingular plane cubits over ff 4. It follows from 
Theorem (4.6) and Theorem (5.2) that M(t) and N(t) equal zero whenever 
/t( >4. 
t q+l-t -t2 - 4q h’(t) N,(t) N3 x3(t) E(t) M(f) 
4 
3 
2 
1 
0 
-1 
-2 
-3 
-4 
1 0 0 0 
-7 1 0 0 0 
2 2 0 0 
-15 2 0 0 0 
1 0 0 0 
-15 2 2 0 0 
2 0 0 0 
-7 1 0 0 0 
1 1 1 3 
To obtain the entries of this table: use Theorem (4.6) to obtain the values 
of N(t); a table of class numbers is given in Section 6; we have that 
H( -7) = 1 and H( - 15) = 2. The value of N3(t) follows easily from 
Definition (4.7). Theorem (4.9) gives the values of N, x3(t) and we get the 
values of c(t) from the fact that t, = t, = -4 in this case. 
The table is in agreement with the one given in [67. 
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Before we give a proof of Theorem (5.2) we translate the notion of 
projective equivalence of nonsingular plane cubic curves into something 
concerning elliptic curves. 
A projective equivalence class of nonsingular plane cubic curves is the 
same as an equivalence class of closed immersions i: EG P’, defined over 
F,, where E is an elliptic curve and i(E) is of degree 3. Here we call two 
closed immersions ii : Ei --P P* and i,: E, + P* equivalent if there is a com- 
mutative diagram 
E, ci2 P2 
with d1 and & isomorphisms of schemes. 
The one-to-one correspondence between these equivalence classes follows 
from the fact that every nonsingular plane cubic curve over lF, has a point 
defined over IF, by [17] and the fact that the group of automorphisms of 
P* over lF, as a scheme is precisely PGL,(F,), see [ll, 11.7.1.11. 
Note that if i: E 4 P* is a closed immersion defined over F, of an elliptic 
curve E, there is a one-to-one correspondence between E(F,) and the 
F,-rational points of i(E). Instead of counting nonsingular plane cubits up 
to projective equivalence with a given number of points defined over IF,, we 
will count elliptic curves E over F, furnished with a closed immersion 
i: E 4 P* of degree 3 according to # E(ff 4) upto our notion of equivalence. 
Let E be an elliptic curve over 5, and let i: E 4 P* be a closed immersion 
over F, of degree 3. The sheaf i*O( 1) is a very ample invertible sheaf 9(D); 
we have that D is a divisor of degree 3 see Hartshorne [ 11,11.6.1.3, 
IV.3.3.2, and IV.3.3.31. All sheaves and divisors are defined over IF,: the 
only fact one uses to associate a divisor of degree 3 to the immersion i is 
the theorem of Riemann-Roth which is valid over any base field. 
(5.4) PROPOSITION. Let 5, be a finite field. There is a one-to-one 
correspondence between the following two sets 
projective equivalence classes of nonsingular plane cubic curves X 
defined over F, 
and 
isomorphism classes of pairs (E, P), where E is an elliptic curve 
defined over IF, and P an AutFI(E)-orbit of E( 5,) [3]. 
Moreover, if a plane cubic curve X corresponds to a pair (E, P), the number 
of F,-rational points of X equals # E( F,). 
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Here, we call two pairs (E,, Pi) and (E2, PZ) isomorphic if there is an 
isomorphism f: E, r E, of elliptic curves (Definition (3.2)) mapping the 
orbit P, to P,. 
Proof By the above discussion we have a one-to-one correspondence 
between “equivalence classes of plane nonsingular cubic curves” and 
“closed immersions of degree 3 of elliptic curves in P2 upto a certain 
equivalence.” A plane cubic corresponding to an immersion i: E 4 P2 has as 
many points defined over ff 4 as E. To any closed immersion i: E 4 IFD* of 
degree 3 over LF, we can associate a divisor D of degree 3; this divisor is 
defined over 5, and only its class is determined by i, see [ll, 11.6.1.31. It 
follows from [ 11, 11.7.1(b)] that the divisor classes of degree 3 of E that 
are defined over IF, or the if,-divisor classes of degree 3 for short, up to 
action of the group of automorphisms of E as a scheme over 5,, are in one- 
to-one correspondence with the equivalence classes of closed immersions 
i: E CC P2 as defined above. 
The group of automorphisms of E as a scheme over (F, is generated by 
the group of translations by points in E(F,) and by the group AutEU(E), the 
automorphisms of E as an elliptic curve (Definition (3.2)). The if,-divisor 
classes of degree 3 of E up to translations by E(lF,) are in one-to-one 
correspondence with E(F,)/3E(F,) via Dt-+D-- 3(O). Here 0 denotes the 
zero-element of E and we identify E( ‘Fy) with the group of IF ,-divisor classes 
of degree 0 via P I--+ (P) - (0). 
From the above we conclude that projective equivalence classes of plane 
cubic curves correspond one-to-one with pairs (E, x) where E is an elliptic 
curve and x E E( ff q)/3E( ff y), up to action of AutEy(E). 
We have that E((F,)[3] and E(F,)/3E([F,) are isomorphic AutFV(E)- 
modules. This is obvious if # E( IF,)[3] is 1 or 3; if # E( IF,)[3 ] = 9 con- 
sider the Gal(%,/[F,)-cohomology sequence of the exact sequence 
0 + E([F,)[3] -+ E(F,) 2, E(F,) -+ 0; 
we get 
W,)/3W,) s ~l(GaV~,/~,), W,) C31) 
z Horn@, E(LF,) [3]) Z E(5,) [3] 
as Aut g (E)-modules. 
It follows that the pairs (E, x) from above correspond one-to-one with 
pairs (E, P) where P is an AutEq(E)-orbit of E([F,)l3]. This proves 
Proposition (5.4). 
In the proof of Theorem (5.2) we need to know the number of AutEu(E)- 
orbits of E(!F,) [3]. 
(5.5) PROPOSITION. Let E be an elliptic curve over a finite field IF, of 
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characteristic p; let j denote the j-invariant of E. The number of AutFB(E)- 
orbits of E([F,) [3] equals 
1 if #E&J [3-J = 1 
2 zj- #V-,1 C31= 3 
2 zf #E([F,) [3]=9,~=2andj=O=1728 
3 zf #E([F,) [3]=9,p#2andje{O, 1728) 
5 if # E(IF,) [3] = 9 andj$ {0,1728) 
Proof: Note that always - 1 E AutEU(E) and that AutF4(E) = { +_ 1> 
whenever j# 0 or 1728; this follows from Proposition (4.4). Suppose that 
p = 2, that the j-invariant of E is 0 and that # E([F,) [3] = 9; then by 
Proposition (3.7) we must have that [F, c IF, ; since E is supersingular we 
have by Lemma (4.8) that EE Z( &2&) and by the remark after 
Theorem (4.3) that E has all its automorphisms defined over [F,. By 
Proposition (4.4)(i) we have that AutEy(E) = SL,( 5,); this group acts trans- 
itively on E(LF,) [3] - (0) so AutE4(E) has two orbits in E([F,). 
If p # 2, je (0, 1728) and E( IF,) [3] = 9 then either j is supersingular and 
by Lemma (4.8) the curve E is in Z( 52Jq), or j is not supersingular; in 
both cases all endomorphisms are defined over 5, and it follows from 
Proposition (4.4)(iii) and the remarks after Definition (3.3) that 
Aut, (E) = ,u6 if j = 0 and that AutEg(E) = p4 if j= 1728. In both cases there 
are three Aut,((E)-orbits in E([F,) [3]. 
All other statements are clear. 
(5.6) LEMMA. Let [F, be a finite field. 
(i) There is at most one elliptic curve E with j= 0 and 
# E([F,) [3] = 9. There is exactly one tf and only if q = 1 (mod 3) and this 
curve has the trace of its Frobenius endomorphism equal to t,. 
(ii) There is at most one elliptic curve E with j= 1728 and 
# E(F,) [3] = 9. There is exactly one if and only tf q = 1 or 4 (mod 12) and 
this curve has the trace of its Frobenius endomorphism equal to t,. 
Proof: (i) If there is an elliptic curve E over iF, with # E([F,) [3] = 9 it 
follows from Proposition (3.7) that q = 1 (mod 3). Suppose, on the other 
hand, that 4 - 1 (mod 3). If p & 1 (mod 3) then every curve E with j-in- 
variant equal to 0 is supersingular. Lemma (4.8) implies that a curve E 
with j=O and #E(IF,) [3] =9 must be in 1(2(&/3)&I) and there is, in 
fact, exactly one in Z(2(&/3)&). If p 3 1 (mod 3), let E denote a curve 
with j-invariant equal to 0. We have End, (E)= U( -3)=H[<]. Let t 
denote the trace of the Frobenius endomorph&m of E. We have that p J t 
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and that t2 + 3x2 = 4q for some XE Z. Proposition (3.7) implies that 
#E(F,) c31=9 f i and only if t = q+ 1 (mod 9). The result now follows 
from Lemma (5.1) and the fact that the class number of 8( - 3) is one. 
(ii) If there is an elliptic curve E over IF, with #E(IF,) [3] = 9 and 
j-invariant equal to 1728, it follows from Proposition (3.7) that q E 1 
(mod 3). If p & 1 (mod 4) the curve E is supersingular and by 
Lemma (4.8) we must have that E E I( & 2&) and that q is a square. Since 
p # 3 this implies that q z 1 or 4 (mod 12). The rest of the proof is 
analogous to the proof of (i). 
This proves the lemma. 
Proof of Theorem (5.2). It follows from Proposition (5.4) that M(t) 
equals the number of isomorphism classes of pairs (E, P) where E is an 
elliptic curve with # E([F,) = q + 1 - t and P is an AutEy(E)-orbit of 
E(5,) [3]. If E does not have nine 3-torsion points over F, or if the j-in- 
variant of E is not in (0, 1728) it follows from Proposition (5.5) that we 
have 1, 2, or 5 of pairs (E, P) according as # E(ff,) = 1, 3, or 9. So, if there 
is no curve in I(r) with je (0, 1728) and #E(lF,) [3] = 9, we have that 
M(t) = # {curves E in I(t) with #E(IF,) [3] = 1 > 
+2#{curvesEinI(t)with #E(ff,) [3]=3) 
+5#{curvesEinI(l(t)with #E(F,) [3]=9) 
= (N(t) - NAtI) + 2W,(t) - N,, 3(t)) + 5N, .s(tI 
=N(t)+N,(t)+3N,,,(t). 
From Lemma (5.6) we see that this formula for M(t) holds whenever 
t$ (to, tr>. If t= t, or t, there are curves in I(t) withjE (0, 1728) and 9 
rational 3-torsion points and there are less than five orbits. It follows from 
Proposition (5.5), Lemma (5.6), and the definition of E that M(t) = 
N(t) + N3(t) + 3N, x 3(t) -s(t) for every t E Z This proves Theorem (5.2). 
Remark. From the proof of Theorem (5.2) we see at once that M(t) # 0 
if and only if N(t) # 0 and we conclude that Theorem (4.2) is also valid 
with N(t) replaced by M(t). 
We finish this section by calculating the total number of projectively 
inequivalent nonsingular plane cubic curves over a finite field ff,. By 
Proposition (5.4) this number equals 
isomorphic classes of pairs (E, P), where E is an elliptic 
curve over IF, and P an Aut,(E)-orbit of E(ff,) [3] ’ 
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which equals 
# { isomorphism classes of elliptic curves E over IF,} 
$- # i 
isomorphism classes of pairs (E, P), where E is an elliptic 
curve over [F, and P a non-zero Autrq(E)-orbit of E( [F4) [3] 
We compute the cardinality of these sets by counting the F,-rational points 
on the moduli spaces X(1) and X,(3); see [7]. 
The curve X(1) is simply the projective line: the j-line with a “cusp” 
which we call co. 
(5.7) PROPOSITION. Let IF, be a finite field. The number of isomorphism 
classes of elliptic curves over F, equals 
zq+3+2($)+(,). 
(Here p = char(F,), q = pk and (x/q) = (x/p)“.) 
ProoJ Let je F,; there exists a curve E over iF, with j-invariant equal to 
j; see [7, VI.1.61. The number of curves over [F, that have theirj-invariant 
equal to j equals #Hl(Gal(F,/IF,), Autrq(E)); see [7, V1.3.11. Here the 
cohomology is in the sense of [14, p. 1311. If j is not 0 or 1728 we have 
that H’(Gal(F,/lF,), Autry(E)) z Horn@, ( + 11) = Z/22; if j= 0 and 
p$ (2, 3) we get from Proposition (4.4)(iii) and the remarks after 
Definition (3.3) that AutFu(E) = ,uLg and ifj = 1728 and p 4 (2, 3 > we get that 
Autr4(E) = pa. A standard computation shows that if p I$ {2,3} we have 
that 
#H’(Gal(F,/[F,), AutF,(E)) = 3 + if j= 1728 
=4+2 -3 
( ) 
if j= 0. 
4 
(1) 
If p = 2 or 3 one can use the fact that the curves with j-invariant equal to 
0 = 1728 are precisely the supersingular curves, that is, the curves that have 
the trace of the Frobenius endomorphism divisible by p. Theorem (4.6) 
gives a formula for the number of supersingular curves over iF,. Alter- 
natively one can use Lemma (4.4)(i) and (ii) and an explicit description 
of the action of Autrq(E) as given in [S]. For example, suppose p = 2 
and iF,c[F,: in this case all endomorphisms of E are defined over IF, 
and the group AutCl(E) is Gal(F,/[F,)-invariant; the pointed set 
H’(Gal(B,/ff,), AutIFB(E)) is canonically isomorphic to the set of conjugacy 
classes of Autrq(E) z SL,( ff 3). There are seven conjugacy classes in SL,( [F,). 
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The result is the following: if p E (2, 3) and the j-invariant of E equals 
0 = 1728 then 
The number of isomorphism classes of elliptic curves over !F, equals 
c #H1(Gal(F,/F,), Aut-,JEi)); 
a, fje X(l)(ffq) 
here E, denotes an elliptic curve over F, with j-invariant equal to j. By the 
above this sum equals 
c #H’(Gal(F,/IF,), AutEq(E))+ 
js(0.1728) 
The result now follows from formulas (1) and (2). 
(5.8) PROPOSITION. Let ff, be a finite field; the number of isomorphism 
classes of pairs (E, P), where E is an elliptic curve over IF, and P E E(5,) a 
point of order 3 equals 
q-1 if q $ 1 (mod 3), 
q+l if qzl (mod3). 
(Here two pairs (E,, P,) and (E2, P2) are called isomorphic if there is an 
isomorphism of elliptic curves E, -+ E, mapping PI to P2.) 
Proof. Let p denote the characteristic of IF,. We first consider the case 
where p = 3. In this case the supersingular curves E do not have points of 
order 3 in E( 5,). If 3 1 t it holds that the curves E in I(t) have a point of 
order 3 if and only if the curves in I( - t) do not. Since # E(iF,)[3] < 3 by 
Proposition (3.4)(iii) and since (E, P) is isomorphic to (E, -P) for every 
elliptic curve E and every P E E( IF 4) [3] of order 3 we conclude that the 
number of isomorphism classes (E, P) over IF, equals half the number of 
non-supersingular curves, so it equals q - 1 by Proposition (5.7) and 
formula (2). 
Next we consider the case where p # 3. In this case the modular curve 
X,(3) is a nonsingular projective curve defined over F, which admits a 
canonical morphism of degree 4 to X( 1) which is also defined over E,. This 
morphism is ramified over j = 0, 1728, and co; there are two points over 
j= co, the so-called cusps; one has ramification index 1 and the other has 
ramification index 3; both points are clearly defined over IF,. If p P 2 
exactly the same thing happens over j = 0: the point with ramification index 
582a/46/2-4 
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3 corresponds to the pair (E, P), where E is an elliptic curve over [F, with 
j-invariant equal to 0 and hence Z[[] c EndE4(E) and where P is a point of 
order 3 annihilated by i - 1. If p # 2, there are two points over j = 1728 
each with ramification index equal to 2. If p = 2 we have that 0 = 1728; in 
this case there is only one point in X,(3) over j= 0; it has ramification 
index 4. The Hurwitz formula for the genus shows that the genus of X,(3) 
is equal to 0. Since X,(3) has points over IF,, it is isomorphic to Pi over IF,. 
For all this see [15]. 
To every point x~Xi(3)(F~) which is not a cusp, there is a pair (E, P) 
defined over F, see [7, VI.3.21. The number of non-isomorphic pairs 
corresponding to x equals 
here Autrq((E, P)) denotes the group of F,-automorphisms of E that leave 
P fixed. If j$ (0,172s) we have for every curve E with j-invariant equal 
to j and PE E(lF,) a point of order 3 that AutEq(E) = { + 1 } and 
AutR4((E, P)) = (11. If j= 1728 and p 4 (2, 3) we have that Aut,*(E) 4 pd 
and it is easy to see that also in this case Autp,((E, P)) = { 1 }. We conclude 
that to every point x E X,(3)(IF,) not over j= 0 or co there corresponds 
exactly one isomorphism class of pairs (E, P). Since # X,(3)([F,) = q + 1, 
we conclude that the number of isomorphism classes of pairs (E, P) equals 
c #H’(Gal(F,/F,), Aut-,J(E, P))) -t (q + 1) -2 - 
j-invariant 
k ii z;: 
ofEis0 
Here the sum runs over the [F,-isomorphism classes (E, P), where the 
j-invariant of E equals 0. It remains.to evaluate this sum. 
First, suppose that p = 2; in this case there is exactly one point in 
X,(3)([F,) overj= 0. If q is not a square it follows from Theorem (4.6) that 
there is only one supersingular curve E over IF, with a point of order 3. 
From Lemma (4.8) we see that #E([F,) [3] = 3 and we conclude that upto 
isomorphism there is only one pair (E, P) over [F, with j-invariant of E 
equal to 0. If q is a square it follows from Theorem (4.6) that there are 3 
supersingular curves E over IF, with a point of order 3. Two of them are in 
I( - (.,,&3) ,&) and these curves have E(F,) [3] cyclic; the other is in 
1(2(&/3) &) and has E(F,) [3] z Z/32 @Z/32 by Lemma (4.8). This 
curve has all its endomorphisms defined over lF,; this implies by 
Proposition (4.4)(i) that AutF4(E) = AutP4(E) z SL,(IF,) and this group acts 
transitively on the points of E(F,) of order 3. We conclude that in this case 
there are exactly 3 isomorphism classes corresponding to the unique point 
in X,(3)(lF,) over j= 0. 
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Next, suppose that p # 2. In this case there are two points over j = 0. One 
has ramification index 1 and the other ramification index 3. Suppose (E, P) 
corresponds to the point x with ramification index 1: we have that 
Z[[] c EndFB(E) and P E E( [F,) is not annihilated by 5 - 1. Since p # 2, we 
have that Autgy(E) 4 p6 and one shows easily that Autp4((E, P)) = (11. This 
implies that the H’ is trivial and that exactly one isomorphism class of 
pairs (E, P) corresponds to x. Finally, suppose that (E, P) corresponds to 
the point x over j = 0 that has ramification index equal to 3. If q E -1 
(mod 3) then E is supersingular and it follows from Proposition (4.4)(iii) 
that Aut-,J E) = ~1~ ; since P is annihilated by 5 - 1 it follows that 
AutEy((E, P)) = p3. We have that AutEq((E, P)) = (1 } and a standard com- 
putation shows that #(Gal(F,/F,), AutE4((E, P))) = H’(z, pj) = 0. If 
q zz 1 (mod 3) we have that AutEy((E, P)) = AutIFq((E, P)) = p3 with trivial 
action of Gal(F,/[F,). We have that H’@, 1~~) z Z/32. We conclude that 
there are exactly 3 + (-3/q) isomorphism classes over IF, of pairs (E, P) 
corresponding to points in X,(3)(IF,) over j= 0. This proves the 
proposition. 
(5.9) COROLLARY. Let [F, be afinitefield. 
(i) C N(t)=2 
tch 
q+3+2($)+(jy). 
(ii) 
if q- -1 (mod 3), 
if qzo (mod 3), 
if q=l (mod 3). 
Proof. The sum C, N(t) equals the number of if,-isomorphism classes 
of elliptic curves over [F, and the sum 1, M(t) equals the number of 
IF,-isomorphism classes of pairs (E, P) with E an elliptic curve over ff, and 
P a point in E( [F,) [3]. The result follows from Propositions (5.7) and 
(5.8). 
The formulas we obtain are in agreement with the ones given by 
Hirschfeld for every finite field [F, in [ 12, p. 3 151 columns no and N 
or [13]. 
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6. CLASS NUMBERS AND EXAMPLES 
In this section we give a table of Kronecker class numbers as defined in 
Section 2 (see Table I). 
Finally we compute the function M(t) for some small fields 1F,. By 
Proposition (3.6)(ii) and the remark after the proof of Theorem (5.2) we 
have that M(t) = 0 whenever It1 > 2&. We use Theorem (4.6) and Table I 
to compute N(t). The value of N,(t) follows easily from the value of t: 
the number N,(t) equals N(t) if t - 4 + 1 (mod 3) and N3(t) equals 0 other- 
wise. We compute N, x3( ) t using Theorem (4.9) and the table of class 
numbers. The values of M(t) follow easily from Theorem (5.2). The values 
of C, N(t) and C, M(t) that we obtain are in agreement with the ones 
given in Corollary (5.9). In Table II to = t, = 8 and hence s(8) = 3. In 
I( - 1) there are 5 isomorphism classes of curves E, four of them have 
TABLE I 
-A H(A) -A WA 1 -A WA 1 -A WA 1 
3 
4 
I 
8 
11 
12 
15 
16 
19 
20 
23 
24 
27 
28 
31 
32 
35 
36 
39 
40 
43 
44 
47 
48 
51 
1 
1 
1 
1 
1 
2 
2 
2 
1 
2 
3 
2 
2 
2 
3 
3 
2 
3 
4 
2 
1 
4 
5 
4 
2 
52 2 103 5 152 6 
55 4 104 6 155 4 
56 4 107 3 156 8 
59 3 108 6 159 10 
60 4 111 8 160 6 
63 5 112 4 163 1 
64 4 115 2 164 8 
61 1 116 6 167 11 
68 4 119 10 168 4 
71 7 120 4 171 5 
72 3 123 2 172 4 
75 3 124 6 175 7 
76 4 127 5 176 10 
79 5 128 7 179 5 
80 6 131 5 180 6 
83 3 132 4 183 8 
84 4 135 8 184 4 
87 6 136 4 187 2 
88 2 139 3 188 10 
91 2 140 8 191 13 
92 6 143 10 192 8 
95 8 144 8 195 4 
96 6 147 3 196 5 
99 3 148 2 199 9 
100 3 151 7 200 7 
TABLE II 
Cubic Curves over F,,. 
t q+l--I t2-4q H(F-4q) N(t) N,(t) N3xdt) 4c) M(t) 
8 9 
I 10 
6 11 
5 12 
4 13 
3 14 
2 15 
1 16 
0 17 
-1 18 
-2 19 
-3 20 
-4 21 
-5 22 
-6 23 
-7 24 
-8 25 
-15 
-39 
-55 
-63 
-63 
-55 
-39 
-15 
1 1 
2 
0 
4 4 
2 
4 
0 0 
5 
5 5 
0 
4 
2 2 
4 
0 
2 2 
1 
31 
1 3 2 
2 
0 
8 
2 
4 
0 
5 
1 
13 
0 
4 
4 
4 
0 
4 
1 
54 
TABLE III 
Cubic Curves over Fz5 
t q+l-t t2-4q H(t’-4q) N(t) Ndt) N,,,(t) E(t) MO 
10 16 
9 17 
8 18 
7 19 
6 20 
5 21 
4 22 
3 23 
2 24 
1 25 
0 26 
-1 27 
-2 28 
-3 29 
4 30 
-5 31 
-6 32 
-7 33 
-8 34 
-9 35 
-10 36 
c 
-19 
-36 
-51 
-64 
-84 
-91 
-96 
-99 
-99 
-96 
-91 
-84 
-64 
-51 
-36 
-19 
1 
3 3 
2 
4 
2 2 
4 
2 
6 6 
3 
0 
3 3 
5 
2 
4 4 
2 
4 
2 2 
6 
1 
1 1 
56 
1 
1 
1 2 I 
2 
4 
4 
4 
2 
12 
3 
0 
1 9 
6 
2 
8 
2 
4 
4 
6 
3 
1 2 3 
82 
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TABLE IV 
Cubic Curves over [F,, 
t q+l--t t2-4q H(tZ-44) Iv(t) N,(t) N,,,(t) E(t) M(t) 
10 
9 
8 
I 
6 
5 
4 
3 
2 
1 
0 
-1 
-2 
-3 
-4 
-5 
4 
-1 
-8 
-9 
-10 
c 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
-8 
44 
-59 
-83 3 
-92 6 
-104 6 
-107 3 
-107 3 
-104 6 
-92 6 
-83 3 
-59 
-44 
-8 
1 
4 
3 
3 
4 
1 
1 1 2 
1 1 
4 4 
3 3 6 
0 0 
3 3 
6 6 12 
0 0 
6 6 
3 3 6 
2 2 
3 3 
6 6 12 
0 0 
6 6 
3 3 6 
0 0 
3 3 
4 4 8 
1 1 
I 1 
56 82 
EndF4(E) = O( -63) and one has EndEB = 6( -7); the latter curve has 
nine 3-torsion points in E(IF,) [3]. 
In Table III we have that t, = -10 and t, = 8. There are precisely three 
curves E with E(F,) [3] of order 9. One has # E(iF,) = 18 and 
EndFq(E) =Z[i]; one has #E(F,)=27 and EndFq(E)= 0( -11); the last 
one is supersingular; it has # E( Fy) = 36 and E( ‘Fy) FZ Z/6Z @ Z/6Z; its ring 
of if,-endomorphisms is the maximal order in Q,,s. 
ACKNOWLEDGMENTS 
I thank James Hirschfeld for his interest in this work and Hendrik Lenstra for suggesting 
the proof of Proposition (5.4). 
REFERENCES 
1. E. BEDOCCHI, Classi di isomorlismo delle cubiche di F,, Rendic. Circ. Mat. Paiermo. Ser. 2 
30 (1981), 397415. 
NONSINGULAR PLANE CUBIC CURVES 211 
2. Z. BOREVK AND I. SAFAREV~, “Number Theory,” Academic Press, London/New York, 
1966. 
3. D. A. BUELL, Class groups of quadratic fields II, Math. Camp. 48 (1987), 85-93. 
4. M. CICCHESE, Sulks cubiche di un piano di Galois, Rend. Mat. (3-4), 24 (1965), 291-330. 
5. M. CICCHESE, Sulle cubiche di un piano lineare S2,9 con 4 = 1 (mod 3), Rend. Mat. (2) 4 
(1971), 349-383. 
6. R. DE GROOTE AND J. HIRSCHFELD, The number of points on an elliptic cubic curve over a 
finite field, Europ. J. Combin. 1 (1980), 327-333. 
7. P. DELIGNE AND M. RAPOPORT, Schemas de modules de courbes elliptiques, in “Lecture 
Notes in Mathematics,” Vol. 349, Springer-Verlag, Berlin/Heidelberg/New York, 1973. 
8. M. DEURING, Die Typen der Multiplikatorenringe elliptischer Funktionenkorper, Abh. 
Math. Sem. Univ. Hamburg 14 (1941), 197-272. 
9. M. DEURING, Die Anzahl der Typen von Maximalordnungen einer definiten Quater- 
nionenalgebra mit primer Grundzahl, Jahresber. Deutsch. Math.-Verein 54 (1951), 24-41. 
10. C. F. GAUSS, “Disquisitiones Arithmeticae,” Leipzig 1801, Vol. I of Gauss Werke, 
Giittingen, 1870. 
11. R. HARTSHORNE, “Algebraic Geometry,” Springer-Verlag, Berlin/Heidelberg/New York, 
1971. 
12. J. H~RSCHFELD, “Projective Geometries over Finite Fields,” Oxford Univ. Press (Claren- 
don), Oxford, 1979. 
13. J. HIRSCHFELD, The Weil conjectures in finite geometry, in “Proc. Australian Conf. 
Combinatoric Math. Adelaide, 1982,” Lecture Notes in Mathematics, Vol. 1036, 
Springer-Verlag, Berlin/Heidelberg/New York, 1983. 
14. J. P. SERRE, “Corps Locaux,” Hermann, Paris, 1968. 
15. G. SHIMURA, “Introduction to the Arithemtic of Automorphic Functions,” Iwanami 
Shoten, Princeton Univ. Press. Princeton, NJ, 1971. 
16. J. TATE, Endomorphisms of abelian varieties over finite lields, Invent. Math. 2 (1966), 
134144. 
17. J. TATE, The arithmetic of elliptic curves, Invent. Math. 23 (1974), 179-206. 
18. E. UGHI, On the number of points of elliptic curves over tinite fields and a problem of 
B. Serge, Europ. J. Combin. 4 (1983), 263-270. 
19. E. WATERHOUSE, Abelian varieties over finite fields, Ann. Sci. l&Cole Norm. Sup. 2 (1969). 
E-560. 
